The basis of nonlocal curvature invariants in quantum gravity 

theory. (Third order.) 



A. 0. Barvinsky 1 ^, Yu. V. Gusev 1 ^, G. A. Vilkovisky 2 

and 

V. V. Zhytnikov 1 ^ 

Q\ [ 1 Nuclear Safety Institute, Bolshaya Tulskaya 52, Moscow 113191, Russia 

5h ' 2 Lebedev Physics Institute, Leninsky Prospect 53, Moscow 117924, Russia 

< 
<N . 

7— I . 

A complete basis of nonlocal invariants in quantum gravity theory is 
, built to third order in spacetime curvature and matter-field strengths. The 

', nonlocal identities are obtained which reduce this basis for manifolds with 

On 

cr 



dimensionality 2lo < 6. The present results are used in heat-kernel theory, 
theory of gauge fields and serve as a basis for the model-independent approach 
to quantum gravity and, in particular, for the study of nonlocal vacuum effects 



in the gravitational collapse problem. 



PACS numbers: 04.60.+n, 11.15.-q, 02.40. +m 



a ) On leave at the Department of Physics, University of Alberta, Edmonton T6G 2J1, 
Canada 

b ) On leave at the Department of Physics, University of Manitoba, Winnipeg R3T 2N2, 
Canada 

c ) On leave at the Department of Physics of National Central University, Chung-li, Tai- 
wan 320 



I. INTRODUCTION 



The concept of nonlocal invariant of a given order in the curvature (or, more generally, 
in the field strength) comes from quantum theory of gauge fields. The effective action 
of quantum operator fields is a nonlocal functional of the respective c-number fieldlhi 
which, for given quantum states, represent the matrix elements or expectation valuesi~i. 
For certain quantum states this functional can be expanded in powers of the deviation of 
the field argument from its value in a flat and emty spacetime, and the coefficients of this 
expansion are exact vertex functions of the theory. In the case of gauge fields, the effective 
action is an invariant functional, and the calculations can be done so that each term of the 
expansion is invariant§H0. The expansion is then in powers of field strengths (curvatures) 
but its coefficients ( the nonlocal form factors) are also field dependent. The meaning of 
such an expansion is that the effective action is obtained with accuracy O [ ] i.e. up to 
N-th power in 3? where 3? is the collective notation for the full set of the field strengths of 
the theory. Each term of the expansion contains N curvatures 3? explicitly and is defined up 
to O [dt N+1 ]. By definition, such term is a nonlocal invariant of order N in the curvature. 

All invariants of order N form a linear space. One still needs a specification of the class 
of nonlocal form factors which serve as coefficients of linear combinations in this space. 
Quantum field theory picks up a quite definite class which we consider below. With these 
specifications, we describe the general procedure of building the basis of nonlocal invariants 
of iV-th order and build it explicitly to third order in the curvature inclusive. 

The results obtained in this way are used in the model-independent approach to quantum 
gravityEl'El. The central object of this approach is the effective action for the in-vacuum 
stated which is built by adopting the kinematic rules of quantum field theory. It is then a 
nonlocal functional of the class considered here. Owing to the properties of the stateEl, it can 
be expanded in a basis of iV-th order curvature invariants but the nonlocal form factors in 
this expansion are left unspecified. These form factors stand for the dynamical information 
contained in an unknown model of the vacuum. The purpose of the approach is to relate 
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the properties of the spacetime solving the expectation- value equations to the properties of 
the vacuum form factors. Thus, it has been shown that the requirement of the asymptotic 
flatness of the solution leads to quite definite asymptotic behaviours of the form factors^. 
The physical problem which is considered within this approach and for which the nonlocal 
vacuum effects play an important role is the gravitational collapse problem. The Hawking 
radiationlll and its backreaction on the metric is one such effect!. It has been showiliB 
that in four dimensions this effect starts with cubic in the curvature terms of the vacuum 
action. For this reason the explicit construction of the basis in the present paper extends to 
the third order. 

Another application that the present technique finds is in heat kernel theory. One needs 
the heat kernel as an intermidiate stage in calculating the effective action in quantum field 
theory00i, but heat kernel is, of course, of self value. The heat kernel is a nonlocal functional 
of the background fields contained in its Hamiltonian operator, and it can be calculated as 
an expansion in nonlocal invariants of iV-th orderBSBIiffl. 

In the case of the in-vacuum state, the effective equations both in expectation-value 
theory and transition-amplitude theory are obtained by certain rules from the effective 
action of euclidean theory@@ (see also Ref. ^j. Therefore, in the present paper we confine 
ourselves to the consideration of asymptotically flat euclidean spaces. 

The basis of nonlocal invariants is built for an arbitrary dimension 2u but, for low- 
dimensional manifolds, it is redundant because there exist hidden identities between the 
nonlocal invariants of a given order. Most of the present paper is in fact devoted to a 
systematic analysis of these identities. In the case of cubic invariants, the redundancy takes 
place for 2uj < 6. For 2uo = 4, there exists a single nontrivial identity reducing the basis of 
purely gravitational cubic invariants. As a by-product, we discover a mechanism by which 
the Gauss-Bonnet invariant becomes topological in four dimensions. 

The paper is organized as follows. In Sect. II we use the Bianchi identity to eliminate the 
Riemann tensor in terms of the Ricci curvature. In Sects. Ill and IV we formulate the notion 
of nonlocal curvature invariants with the Ricci tensor and build the basis of such invariants 



to third order. Sect.V contains the construction of matter invariants and presents the full 
table of nonlocal invariants to third order in curvatures - gravitational and matter-field 
strengths. Finally, in Sect. VI we derive the hidden identities between local and nonlocal 
cubic invariants in low- dimensional manifolds. 



II. ELIMINATION OF THE RIEMANN TENSOR 

An important feature of nonlocal curvature invariants in asymptotically flat spacetime is 
that their purely gravitational strength boils down to the Ricci tensor, because the Riemann 
tensor can always be eliminated via the known corollary of the Bianchi identityHH 

+V u V l3 R fia + V^R^) 

+R fr R »]W* _ R&rPW" _ 4R a J\R»W° - R a(3 aX R^\ (2.1) 

which can be iteratively solved for R a ^^ u in terms of R^ u . In this equation the Ricci tensor 
plays the role of a source which determines the Riemann tensor up to initial or boundary 
conditions for the operator □. In the case of positive-signature asymptotically flat spaces, 
which guarantee that a Ricci-flat space is flat, the iterational solution is uniquely determined 
by the Green function 1/D with zero boundary conditions at infinity. Up to the second 
order in R^ v ', necessary for the construction of the third order nonlocal invariants below, 

this solution is as follows 
i i 
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+^ |2i*SC (vV^i^ 1 ) - 2R% (V I/] V [a ^i? /3]A ) 
-4(V A V [a -i$)(V A V [/1 -ir lCT ) - 8(vV a ^/#)(V A V /?1 ^ J R' /] ' 7 ) 
+4(V x V [a ^R®)(V a V [ ^R u]x ) - 4(V' T V [/x ^4 Q )(V A V /3] ^^ 1 ) 
+8(V a V 7 ^ j R Mq )(V a V /3] ^ ] ) + 8(V A V [a ^ J Ri At )(V I/] V /3] ^ J R Aa ) 



4(V A V CT - J R [/x[a )(V vl V /3] - J R Aff ) - 4{V x V a -R Ma ){V x V a -R u]f3] ) 
A(V^ a ^R X(7 )(V^ ] ^R x n + [(a/3) <- ijw) ] } + 0[^], 



(2.2) 



where the antisymmetrizations on the right-hand side are with respect to [w and a(3 and 
(a/?) <-> (pv) denote the terms with the obvious permutation of pairs of indices which 
reproduces the symmetries of the Riemann tensor. Here we use a simplified notation for the 
Green functions introduced For example, the quantity 



denotes the solution of the tensor equation □ X^ u = R^ u subject to zero boundary conditions 
at the infinity of the Euclidean asymptotically flat spacetime. The same convention applies 
also to other tensor quantities like V M V a -R v/3 , so that the tensor properties of the inverse 
box operator being determined by the tensor properties of the quantity which it acts on. 

Note, that in case of the Lorentzian asymptotically flat spacetime Ricci-flat geometry is 
also flat, provided there is no incoming gravitational wave@, and the equation of the above 
type also holds with 1/D replaced by the retarded Green's function 1/D ret . 

III. NONLOCAL INVARIANTS OF jV-TH ORDER WITH THE RICCI TENSOR 

We shall start with the construction of purely gravitational invariants. In this case, since 
the Riemann tensor is eliminated, we are left with the Ricci tensor. A regular procedure of 
building the basis of nonlocal invariants referred to in the Introduction looks as follows. 

To begin with, consider the diagrams of effective action in quantum field theory and 
assume (for the moment) that all propagators in these diagrams are massive. We can, then, 
expand them in inverse masses, in which case all nonlocal invariants forming the effective 
action will formally be expanded in an infinite series of local invariants 




(2.3) 



□ 




(3.1) 
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Here the covariant derivatives somehow acting on the product of N Ricci tensors can be 
commuted freely because the contribution of their commutator is already 0[i?^ +1 ]. Among 
(V...V) only a limited number (< 2N) of derivatives can have indices contracted with the 
indices of R„R„...R„, while the rest of the derivatives contract with each other to form 
boxes - covariant D'Alambertians acting on separate Ricci tensors or their pairs. This 
follows from a trivial identity 

2VN k = (V< + V k f - V 2 - Vf = D i+k - Di - D k (3.2) 

where V, denotes the covariant derivative acting on the z-th Ricci tensor in the product 
R.....R,. = Ru,...Ri„...RN;, the same notation beeing assumed for covariant boxes and 
□i+fc acting on the separate i-th Ricci tensor and the separate ik-th pair of those respectively. 

The rearrangement of derivatives in ( [3.1|) according to (|3.2|) obviously leads to the fol- 
lowing general structure of A-th order nonlocal invariant 

J dx g 1/2 F{n u ...n N ,n 1+2 ,n 1+3 , ...)(V^V) Ru.R 2 .....Rn.., (3.3) 

<2N 

where F(n 1 , ...0 Nj 1+2 , 1+3y ...) is an operatorial function of boxes accumulating the result 
of the infinite summation of derivatives in ( |3.1| ). As above the D'Alambertians Dj and O i+k 
here are acting on the corresponding Ricci tensors or their pairs and, similarly to eq. (|2.3j ), 
have the tensor properties determined by the tensor nature of the quantity which they act 
on. This operatorial function is a nonlocal formfactor which serves as a coefficient of the 
invariant (V...V) Ru,R2»»---Rn»» ~ the member of the basis in the linear space of nonlocal 

<2N 

invariants of order N referred to in the Introduction. 

In the first three orders these form factors take a simpler form due to the integration 
by parts - the property which, under the asymptotically flat boundary conditions providing 
the absence of surface termdli, can be written as 

Vi + V 2 + ...V W = 0. (3.4) 

For N = 1 this relation implies that the first-order formfactor is always a local constant, 
_F(Di) = F(0) = const. The second-order form factor is a function of one box n± = D 2 = 
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□ , F(Di, n 2 ) = /(□), and the third-order formfactor is a function of three boxes acting on 
three separate Ricci curvatures: 

F{a 1 , 2 , □ 3 )(V^V) R1..R2..R3... (3.5) 

<6 

The mixed-box arguments 1+2 , ... appear in form factors beginning with the fourth order 
because at this order scattering starts, and these quantities are responsible for the arguments 
of the on-shell scattering amplitudes. In particular, at N = 4 the arguments 1+2 , 1+3 
and Di+4 exactly correspond to the Mandelstam variables s = (pi +P2) 2 , t = (pi +P3) 2 and 
u = {Pi +P4) 2 °f the formfactor rewritten in the momentum representation. 

Thus, the effective action analytic in spacetime curvature can be represented as a se- 
ries in nonlocal invariants (|3.3|) . It should be mentioned that certain caution is needed 
while working with this expansion. In particular, the operatorial arguments □]., CI2, ... com- 
mute with each other because they act on different functions, but the mixed-box arguments 
□1+2, Qi+3, ••• do not commute with each other and with □ 1 ,D 2 ,.... Therefore, beginning 
with the fourth order one must take trouble in ordering these arguments in a definite way. 
Also, while working with the accuracy 0[i?^ +1 ] it is important to fix in the lower-order 



terms (|3.3|) with N < M the ordering of derivatives (V...V) and the form factor F(D lj ...). 

<2N 

Of course, we don't assume that the form factors are expandable in any local series. 
We took this only for the purpose of building the basis of invariants. What we shall really 
assume about the form factors is their analytic properties. In quantum field theory we get 
the form factors in the Euclidean spacetime, i.e. for real negative D's. We next assume 
that they can be analytically continued to the whole of the complex plane in each of the 
arguments, and that their singularities are only at real non-negative □. This allows us to 
write and use the spectral representation which in the simplest case has the form 

FC^-Hf ^■■• W _*g l ( gli ) (3-6) 

where all the information about non-local form factors is now contained in the spectral 
densities p{m\, m 2 , ...) and the only non-local structure that remains is contained in massive 



Green's functions. Generally this representation should be modified by subtraction terms 
accounting for a possible growth of the form factors at large boxesEHl, while their growth 
at small arguments is severely limited by the requirement of the asymptotic flatness of the 
theorylU and provides the consistency of the representation ( |3.6| ) at small energies. 

The spectral forms ( |3.6| ) constitute the basis of the model-independent approach to quan- 
tum gravity theory. They encode all the unknown information about the fundumental model 
in the set of spectral densities p{m\,m\, and have a number of advantages. In partic- 
ular, they allow one to order the noncommuting arguments of the form factors, provide 
simple variational rules which, even for a nonlocal operator function of one self-commuting 
argument, would generally be a problem and make the equations of the theory manageable, 
since the only nonlocal ingredient that enters the formalism is the Green function. Most 
important, however, is that the spectral forms provide a technical means of imposing cor- 
rect boundary conditions in nonlocal effective equations. As shown in@0 these equations 
for expectation values of fields in the standard in-vacuum can be obtained by varying the 
Euclidean effective action with a subsequent replacement of nonlocal Euclidean form factors 
by their retarded Lorentzian analogues (see also Ref. [S] for a similar recipe in the first order 
of the perturbation theory). This procedure boils down to using the retarded massive Green 
functions in the spectral representation (|3.6f) of the form factors in effective equations for 
expectation values. 



IV. THE BASIS OF GRAVITATIONAL INVARIANTS TO THIRD ORDER 

Now we shall implement the procedure of the above type to build explicitly the basis of 
Ricci-tensor invariants to third order. To begin with, consider the first order N = 1 in which 
case the the invariant (V...V) i?„, with derivatives not boiling down to a box, obviously 
reduces to the Ricci scalar. Due to vanishing of total derivative terms in asymptotically flat 



spacetime mentioned above (cf. eq.( |3.4[) ) its coefficient is always a pure numerical constant, 
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so that the first order invariant is 

const x R, R = g^R^ (4.1) 

Here "const" is a simplest example of an unknown form factor. From experiment we know 
its value - it is the inverse Newton constant. Generally, similar considerations apply to all 
vacuum form factors, the experiment allowing us to extract a part of information about 
them and encode in the spectral densiuties discussed above. It should be emphasized that 
not all details of the form factors are equally important. In the example above it is only 
important to know that the Newton constant is positive. The above first-order invariant 
is what Einstein incidentally confined himself with. However, this is not the full effective 
action. To learn more about it we must proceed further. 

In the second order the set of invariants (V...V) R\, m R2»» with covariant derivatives not 
forming boxes simplifies to two structures 

RitiuRti j R1R2, (4.2) 
on account of the contracted form of Bianchi identity V^R^ = \V U R and the integration 
by parts. As was mentioned above, the coefficients of these structures in the efective action 
are already the nonlocal formfactors of one argument /(di) = /(d 2 ). 

In the third order the full set of invariants (V...V) Ri„R2»»Rz»» includes the structures 

<6 

with six, four, two and zero number of derivatives whose indices are contracted with the 
indices of Ricci tensors. Let us consequitively build all of them. For this purpose note the 
following general rule: in any structure with derivatives saturating the contraction of Ricci 
curvature indices the covariant derivative acting on one of Ricci curvatures can be contracted 
only with the index of another curvature, for otherwise the Bianchi identity generates the 
invariant with two derivatives contracted with one another, which in view of ( |3.2| ) should be 
absorbed into nonlocal formfactor and don't enter the tensor invariant itself. The same rule 
together with integration by parts says that the following identification can be assumed in 
such invariants 

Ri».WR 2 ..R 3 .. = -R^.R 2 ..WR 3 .. + (...) (4.3) 



modulo the box formfactor terms and higher orders of the curvature denoted by (...). From 
this it immeadiately follows that the only independent invariant with six derivatives can be 
cast in the form 

V a VpRl 5 V 7 V d Rt?V»V u Rf. (4.4) 

In the invariant with four derivatives one pair of indices belonging to three Ricci cur- 
vatures must be contracted, the rest of them beeing contracted with indices of derivatives. 
There are two such contractions: R^R^R^ and R^R^R 1 ^ which generate in view of Q4.3p 
the following independent invariants with four derivatives 

V a VpRt u V,V u RfR 3 , V,RfV u R p 2X V a V p R^ (4.5) 

(the independent invariants with V a or acting respectively on R± x or R 2X above are 



ruled out by integration by parts which reduces them to the first of the structures (|4.5|) ). 

There are four tensors with two uncontracted indices i^^^-Rs, Ri a R2fiaR3, R\ V R^f Rzap 
and R^'R 2 p^R 3u that give rise to the following invariants with two derivatives 

R\ ^ (xRoS? pRz, V^-R^V ' u R2 t iaR3, 

R^V^RfVvR^, R^V a R 2p ^R^ u . (4.6) 

Finally, there are three obvious invariants that contain no derivatives 

R1R2R3, RiaR^pR^^ Ri U R2^, V R3- (4.7) 

It should be emphasized that the full set of cubic invariants follows from the above 
structures ( f4.4|) - (|4.7| ) by all possible permutations of three curvature labels 1, 2 and 3. But 
according to our notations in eqs.( |3.3| ) and ( |3.5| ) such permutations in (V...V) Ru,R2**R3** 
can always be replaced by the corresponding permutation of arguments in the form factor 
F(D 1; D 2 , CI3), so that the independent set of invariants can be fixed once and for all with 
the enumeration of curvatures chosen above. In what follows we shall assume this rule which 
allows one to reduce the set of independent nonlocal invariants with the proper account for 
the permutation of boxes in their form factors. 
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V. THE BASIS OF MATTER INVARIANTS TO THIRD ORDER 



The consideration of the above type applies also to matter field invariants provided that 
we know the full set of the field strengths of the theory. We shall consider a very general set 
of field strengths which appears in a class of field theories where the Hessian of the action, 
or the inverse propagator for the full collection of fields, can be written as 

<rVFJi + {P£-\B&i). (5.1) 

This operator is built of a covariant derivative V M and a potential term and is applied to 
an arbitrary set of fields f B (x), so that A and B stand for any set of discrete indices. 
The covariant derivative (with an arbitrary connection) is characterized by its commutator 
curvature 

(V M V, - V,V> A = 7^^. (5.2) 

The matrix Pg in the potential term of (|5.1| ) is also arbitrary (the term \R5g with the Ricci 
scalar is added for convenience), and terms of first order in derivatives are omitted since 
they can always be removed by a redefinition of the covariant derivative. In what follows we 
shall use a hat to indicate the matrix quantities acting in the vector space of ip A and also 
denote the matrix trace operation in this space by tr: 

$b = 1? Pb = Pi T^Bnv = ^nvi etc. 

tri = <?£ tvP = Pl tiPn iu , = PiHi IUf , etc. (5.3) 



Thus there are three independent inputs in the operator (5.1): V M and P - the metric 
contracting the second derivatives, the connection which defines the covariant derivative 
and the potential matrix. They may be regarded as background fields to which correspond 
their field strengths or curvatures. There is the Riemann curvature associated with g^, 
the commutator curvature ( |5.2| ) associated with V M and the potential P which is its own 



'curvature" . Since the Riemann tensor was eliminated above in terms of the Ricci curvature, 
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the full set of field strengths characterizing the operator ( |5.1| ), for which we shall use the 
collective notation 9ft, includes 

3ft = {R pu , Kr, P). (5.4) 

Purely gravitational invariants to third order in the Ricci tensor have been constructed 
above, so let us consider now the full set of invariants involving the matter field strengths 
TZ^ V and P to the cubic order in 3ft. 

In the first order the matter field strengths can contribute only one invariant which, for 
the same reasons as in the gravitational case, can enter the effective action of the theory 
only with a local purely numerical coefficient: 

const x trP (5.5) 

In the second order, modulo total derivative, there are only two invariants of the form 
(V^V)7?.i. # 7?.2„ in which derivatives do not form boxes or commutators leading to extra 

power of 3ft: tr TZi^TZ^ and tr V^V a lti flu 'Jt% 1 ' . However, the cyclic Jacobi identity for the 
commutator curvature 

v a ^ + v^n ua + v u n afl = o (5.6) 

leads to the relation 

v Q 7^7^ = ^v,n ua n» a , (5.7) 

which reduces the second invariant up to a box coefficient to the first one: tr r R,\ ilv 'R!^' . The 
rest of the second-order invariants include tr.F1.P2, tr PiR 2 , because in view of integration 
by parts and the contracted Bianchi identity they also exhausts the other possible mixed 
gravity-matter structure tr Ri V V U P 2 - Thus, together with ( |4.2j ), the basis of structures 
forming all quadratic invariants consists of 

3ft!3ft 2 (l) = Rt^K^l, 
3ft!3ft 2 (2) = R 1 R 2 1, 
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gfti& 2 (3) = A# 2 , 

»i»a(4) = AA, 

»!» 2 (5) = ft^^f . (5.8) 

The third order is much richer for it includes all possible cubic combinations of R^, 
IZ^ and P. Let us first consider P 3 and 1Z 3 99 invariants. The single P 3 invariant is trivial 
tr AAA) while the whole hirearchy of structures (V...V)7?-i..7?.2»«'^3m includes apriori the 

<6 

invariants with 6, 4, 2 and zero number of derivatives. However, the Jacobi identity (|5.6|) 
essentially reduces their number. Consider first the invariant with six derivatives. Up to 
total derivative terms and commutators of V's it can be represented as tr V M Jf V a J^V^ J3 1 
in terms of the transverse vector 

r = v x n Xa , Vj a = 0. (5.9) 

In view of ( |5.6| ) this vector satisfies the relation 

v„ > = v% - nn% + o [5R 2 ], (5.10) 

which means that the above cubic invariant with six derivatives not forming boxes is ab- 
sent. The set of invariants with four derivatives again reduces to the only one struc- 
ture tr V ^JivJ^Jz which does not straightforwardly disappear (up to irrelevant terms) 
due to eqs.(|5.6|) and (|5.10|) . However, in view of (|5.10|) one can rewrite this structure as 



tr V^Ji^J^ Js\ integrate it by parts and again use ( |5.10| ) applied to J 2 and J 3 . Then it 
takes the form — | Ji u V u { J^Js^) which disappears up to the total derivative term in view 
of the transversality of ( |5.9|) . Thus, there is no invariant with four derivatives either. The 
invariants with two derivatives originate from all possible differentiations of the following 
two structures tr it^TZ^ and tr 7£j* ^'RJ^ a TZ^ » and, by integration by parts and use of 

the Jacobi identity, boil down to tr itf V^JZ^ ^u^3ai3 and tvTZi J 2a Jzp- But the first of 
these invariants reduces to the second one by the following sequence of transformations. 
First integrate it by parts and use (|5.7|) to convert it to the form 2tr Ji"7£ 2 V a ^». Then 
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integrate by parts again and use (|5.10 ) to interchange the indices in V Q J". The sequence of 
a new integration by parts and the use of ([5.71) eventually leads to the equation 



tr^rV^V I/ 72 3a/B =2tr7^ p J la J 2 ^ + 2tr^J3aJi jB + 2trn72?. j8 7eg. I/ ^. Q 

-tTTZl v V^nfV v 1Z 3a p + O [3? 4 ] + a total derivative, (5.11) 

which can be easily solved for tr^-^V^^.^ in terms of the invari- 



jQ/3 



)«/3 



ant trTZi t3 'V fJ '7l2 f j,a^ u T^3ui3 and the only possible ^-invariant without derivatives 
tr 'R-in'R^i.v'R-z.a ( un der a proper permutation of curvature labels, cf. discussion at the 
end of Sect. IV). 

A similar technique can be applied for a construction of all the rest gravity-matter 
invariants. Again their number is essentially reduced by using the identities of the above 
type. Here are some examples of such a reductionlll which we present without derivation 
starting with a corollary of Q5.ll ) 



+ft3 Q /?V / ^rV^ 2 ' /3 + n 2 afsV^ a V u TZf) + 0[K 4 ] + a total derivative, 
+0 2 K2 a pV^K$ a V v Kf- □sftsa/jV^rV^f ) + 0[K 4 ] + a total derivative, 



3^iv 



+tr R^V M V ' xn^li-zav + 0[K 4 ] + a total derivative, 



--tr RfVaK^VpK^ 



trv R^aV^nrn 



3fiv 



tr 



+ n 2 + a^RiK^K^ + ^RfVcM'Vp'R,^ 
o z 



--RiV a KTV p K z ^ - Rt v V x n^ a n 2av \ + 0[9fc 4 ] + a total derivative, 



3<7Q 



tr 



3av 



+0[9ft 4 ] + a total derivative 



(5.12) 



(5.13) 



(5.14) 



(5.15) 



(5.16) 
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As a result of such a reduction we have for the full basis of gravitational and matter 
invariants eleven structures without derivatives 

ftift 2 9fc 3 (i) = AAA, 
^2^3(2) = nr a n 2 a p n/^ 
3^2^3(3) = n^n 2iXV P^ 

3*1^2^3(4) = R1R2P3, 

M 2 %(5) = R^R 2 ^P 3: 

^^2^3(6) = AA^ 3 , 

^^2^3(8) = Rfn 2a ^n 3f s„ 
= R1R2R3I 

£i£ 2 £ 3 (ll) = R^R 2 ^Rsl (5.17) 
fourteen structures with two derivatives 

M 2 K 3 (i2) = nfv^n 2m v v n^ 
3^2^3(13) = £f v^Av.A, 
^2^(14) = v^rv^^A, 

M 2 K 3 (15) = R^ V V^R 2 V U P 3 , 

£i£ 2 £ 3 (16) = V'iCV^aA, 

^^2^3(17) = i?rv M v,AA, 
^^2^3(18) = iwv^rv.ftf, 

£i3fc 2 £ 3 (19) = RfVaK^VpKs^, 
5^2^3(20) = R^JlT^Kz^ 

^^2^3(21) = R^V^xK^Ksav, 

15 



9&i9fc2& 3 (22) 
M 2 K 3 (23) 
&ift 2 ft 3 (24) 
M 2 K 3 (25) 



BZ^V aBvV pR$i., 
Ri U V a R2 ^V^-R^l, 



(5.18) 



three structures with four derivatives 



M 2 K 3 (26) 
K 1 3? 2 3? 3 (27) 
3?i3? 2 3? 3 (28) 



V,RfV u R p 2X V a VpR^l 



(5.19) 



one structure with six derivatives 



■>Acri 



and, finally, there is a set of additional nine structures linear in TZ 



(5.20) 



M 2 9ft 3 (30) 
M 2 K 3 (31) 
M 2 K 3 (32) 
M 2 K 3 (33) 
M 2 9£ 3 (34) 
M 2 K 3 (35) 
M 2 9£ 3 (36) 
Ki» 2 » 3 (37) 
9&i9fc 2 &3(38) 



Av^fv a i? 3 , 

V fl K? a R 2a pVPR 3 , 

V ( g7^i a V Q ,i? 2 i? 3 , 

'R-i^'V l j_R2 ua S7 v R^ 



3/3' 



(5.21) 



Thus, the structures (|4.1|) , (|5.5|) , ( |5.8| ) and ( |5.17| ) - ( |5.21|) form a complete basis of non- 
local invariants to third order in the curvature. The background-field functionals belonging 
to the class of invariants discussed in Introduction have, in the notations of Sect. Ill, the 
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expansion of the form 

r 5 

/ dx g 1/2 tr { const Rl + const P + J^fi ( D 2) 9&i&2(i) 

i=l 

38 

+ Y, Fi(Vi, n 2 , n 3 ) 3?i3? 2 3?3(«) + 0[3? 4 ] }. (5.22) 
i=i 

In the third order, which is a matter of our prime interest here, there are thirty eight in- 
variants admissible by the requirements of covariance and asymptotic flatness. (Ten of them 
are purely gravitational, and with gravity switched off there are six.) In the field-theoretic 
calculations, however, the last nine structures have a special status which makes us to present 
them in a separate list (|5.21|) . As shown the trace of the heat kernel for the operator 



( |5.1D and the corresponding one-loop effective action do not contain these structures because 
their form factors Fi(n 1 , D 2 , n 3 ), i = 30, ...38, either identically vanish or have such symme- 
tries under the permutation of the box arguments that make their contribution vanishing 
in view of the symmetries of the structures themselves. For example, the structure 36 is 
antisymmetric in labels 2 and 3, VpTZi VaRzRs = — V^T^i V a R3Rz + a total derivative, 
while its heat-kernel form factor is symmetric^, F^fOi, D 2 , D 3 ) = F^Oi, D 3) 2 ). The 
same symmetry of the heat-kernel form factor F 13 (D 1 , D 2 , O s ) does not, however, annihilate 
the contribution of the structure 3fti3? 2 ^ 3 (13) linear in Tt^ u , because all of its three curva- 
tures are matrices, and its antisymmetrization in the labels 2 and 3 is proportional to the 
nonvanishing commutator V^P, V V P (see Refs. OLEl). 



VI. HIDDEN IDENTITIES BETWEEN NONLOCAL CUBIC INVARIANTS 

For low-dimensional manifolds the basis built above may be redundant. Thus, in the 
two-dimensional case 2oj = 2, because of the identity = | g^R, there is just one purely 
gravitational nonlocal structure at each order 

J dx g 1/2 F(p 1} ...n N ,n 1+2 ,n 1+3 , ...) r 1 r 2 ...r n , (6.1) 

and, moreover, at first order there is none because the Ricci scalar is a total derivative. For 
2uj > 2 the first- and second-order bases are already irreducible but the third-order basis is 
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not. To show this, we begin the analysis of cubic invariants with the local identities for a 
tensor possessing the symmetries of the Weyl tensor: 

C a /3~/5 = C[a/3]-yS = Ca/3[-y6], CadyS = C-ySaf3, (6-2) 
Cap-yS + C a S/3-y + C a7 s/3 = 0, C a p a g = 0. (6-3) 

Here the Ricci identity ( |6.3| ) can be rewritten as 

Ca[f3~f}8 = _ -jC a &p~i (6.4) 
and, with the use of fl6.2|) , as 

C a {f3~/8] = (6.5) 



where the complete antisymmetrization in three indices is meant. Eq. Q6.4Q is use- 
ful when forming contractions because it shows that the contractions of the form 
C' al3 'C .. a/ 3 and C" a ^C.. a /3 express through one another. 

In view of applications to the gravitational equations^, we first list all possible cubic 
contractions having two free indices. The symmetries above allow only 

Jl^ = C '^sC 1, ,l3a ° Caa 15 , (6.6) 

7 v /~i fivaya /~i 8 6 ( r? rj\ 

■H^ — <-> fj.PyS*-' a , (0- < ) 

Jzp, = C \ l {3~ / 8C Ua ' rC 'C ^ a ', (6.8) 

J 4 ^ = C m psC v ^ a(T C a(T 1& (6.9) 

hi = C\^C™^C\^ (6.10) 

and, furthermore, by ( |6.4| ), one has 

1 

2 



and, by applying the Ricci identity to the last C in ( |6.7| ), one obtains 



J^j, — - — J2I - (6.12) 



18 



Thus, for an arbitrary space-time dimension 2u, there are three independent contractions: 

TV TV TV 

J V J V J V 

For a particular space-time dimension, the number of independent contractions can be 
smaller because of the existence of identities obtained by antisymmetrization of (2u + 1) 
indices. Note that such an antisymmetrization must not involve more than two indices of 
each C tensor; otherwise the identity will be satisfied trivially by virtue of Q3.5|) . Hence, for 
three C tensors, the number of indices involved in the antisymmetrization should not exceed 
six, and, therefore, the space-time dimension 2uj for which nontrivial identities exist cannot 
exceed five. For 2u < 5 we have 

G^C^C^ = 0, 2uo < 5 (6.13) 

with the complete antisymmetrization of six lower indices. When written down explicitly, 
this identity takes the form 

JZ-AJZ-2J 5 ^ = 0, 2u<5 (6.14) 



or, by (|6.12| ), the form 



K = \k-\Ki 2 ^< 5 ( 6 - 15 ) 

and reduces the number of independent contractions down to two: J\ and J 5 ^. 

Finally, for 2u = 4 (the lowest dimension in which a nonvanishing Weyl tensor exists), 
the identity (|6.13|) becomes a linear combination of the identities 



C [af ? s C^C K]v af} = 0, 2cu = 4 (6.16) 

with the antisymmetrization over only five indices, and there is one more identity, quadratic 
in C : 

C [a ^ 5 C 7S a % = 0, 2uj = A. (6.17) 
Its explicit form is 

C a ^ u C a ^ = -^C aM& C a ^\ 2uj = 4. (6.18) 
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When this relation is used in ( |6.10| ), the result is 

J 5 ^ = 0, 2uj = A (6.19) 

by the second of equations (|6.3|) . Thus, in four dimensions, there is only one independent 
contraction: J\ . 

Similar results hold for invariants except that the complete contraction of J5 in ( |6.10| ) is 



zero for any space-time dimension. Therefore, initially one has four different C 3 invariants 

h = C^C^CaS*, (6.20) 

h = C^sC^CjJ, (6.21) 

h = C^ 5 C^C/J, (6.22) 

h = C^psC^'CcS* (6.23) 

with the relations 

h = h- \h, h = \h, (6.24) 

and, for 2uj < 5, the identity (|6.13| ) (contracted in /x, v) adds one more relation: 

h = -h, 2u < 5. (6.25) 

When going over from 2u = 5 to 2uj = 4, the identity (|6.18|) leads to no further reduction. 
Thus, the dimension of the basis of local C 3 invariants is 2 for 2uj > 5, and 1 for both 2u = 5 
and 2u = 4. 

For invariants with the Riemann tensor, the counting is different because, in this case, 
the quadratic identity ( |6.18| ) begins working. For 2uo < 5, the identity ( |6.25| ) with the Weyl 
tensor expressed through the Riemann tensor reduces the number of independent cubic 
invariants by one. For 2uj = 4, the identity (|6.18 ) contracted with the Ricci tensor: 



C a ^ u C af 3^RZ = ^RC af3yS C a ^ s , 2u = A (6.26) 

reduces this number by one more. These results agree with the group-theoretic analysis 
carried out ini! (for the application of this analysis in a geometric classification of conformal 
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anomalies see Ref. |26[). According tcc3, the dimension of the basis of local cubic invariants 
with the Riemann tensor (without derivatives) is 8 for 2uj > 5, 7 for 2oj = 5, and 6 for 
2u = 4. 

We shall now concentrate on the space-time dimension 2u = 4 and go over to the 
consideration of nonlocal invariants cubic in the curvature. Owing to their algebraic nature, 
the identities above admit easily a nonlocal generalization. Indeed, the two cubic identities 
obtained by antisymmetrizations in four dimensions: eq. (|6.16|) contracted in /z, z/, and eq. 
( |6.171 ) contracted with can in fact be written down for three different tensors and, in 
particular, for the curvature tensors at three different points. One can then multiply them 
by arbitrary form factors and next make the points coincident. Since the basis of nonlocal 
invariants above was built in terms of Ricci curvatures, rather than the Weyl tensors, we 



shall start such a derivation with equations (|6.16| ) - ( |6.17| ) containing instead of the Weyl 



tensors the Riemann ones (which will be later eliminated in terms of Ricci curvatures). The 
nonlocal identities obtained in this way are of the form 

F(U X , D 2 , ^)R 1[a ^R 2lS ^R^ = 0, 2u = 4, (6.27) 
^(□i, D 2 , U 3 )R 1[a ^R 2lS ^R^ =0, 2lu = 4, (6.28) 

with arbitrary J r (0 lj D 2 , 3 ) and J r (0 1 , D 2 , 3 ). Since nothing is involved here except in- 
existence of five different indices in four dimensions, these identities are obviously correct in 
the present nonlocal form as well. 

When written down explicitly, the left-hand sides of eqs. (|6.27|) , Q6.28Q take the form 
(for arbitrary dimension) 



— Zni a /3jSlt 2 It 3 M v — 6n,i a /3lt 2 rL 37TpK — tt 2a ^ti x ri 3npK — IX 3a fiiX x It 2 
+ -RlR2a)3-ysR3 l3lS + 2R2af3~f5RV R^ + ^Rzap-ysRV R^ 



TVpK 



+2Ri a! 3R 2 ' y R 3 ® — RiR 2a pR 3 ^ , (6.29) 

•^(^l, D 2, a 3)Rl[a/3 1 ' S R2~f5 al3 R 3fJi ] = ~ T^"^'-' 1 ' '~' 2 ' Rla^pR^ ' uR^ 
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p -pafi^S T} op p/?7 p a p p«7 r?f35 p p«7 p/3<5 



+i?l Q/ gi?2 /3 -R3 + TT-Rl-^c^-RSf 3 + 0-^2-^10/3-^3 — -R1R2R3 



(6.30) 



Since these expressions contain arbitrary form factors, they suggest that in virtue of ( p.27| ) - 
Q6.28] ), in four dimensions, the basis of nonlocal gravitational invariants may be redundant. 
However, to convert relations ( |6.27| ), (|6.28|) into constraints between the basis structures one 
must make one more step: eliminate the Riemann tensor. 

As discussed in Sect. II, the Riemann tensor expresses through the Ricci tensor in a non- 
local way once the boundary conditions for the gravitational field are specified. Elimination 
of the Riemann tensor from the expressions (|6.29| ) and ( |6.30| ) with the use of (|2.2|) (to lowest 
order) brings them to the following form: 



1 rw n 



F(n u n 2 , a 3 )R 1[a ^ 5 R 2 ^R M ^ = -— i-r 



+ 



+ 



-T' 



□ x U 2 D 3 2D 1 D 3 2D 2 n 3 2DiD 2 



+ 



■(- 



+ 



1 1 1 1 n 2 

3 



1 □-! 



□ 2 n 3 n,n 2 

' ^3 A p^t po p/3 
- rt la- rt 2/3- rt 3At 



R1R2R3 



4 ^ Dj u 2 n x u 2 
l/i 1 



J~ + J~ 1 + J~ 1 1„3 -Ri Rlju/R, 



+ 



1 



~ •^ r 'li^2 — •^ r 'li*-*3 R *^^ o.R'iS $R 



u x u 2 



° 2 ° 3 



+ 1 2^3 + 1 l+->3 V^R^" V^R^ /ia-R: 



•-3 a/3 



+ 



°i°2 n i°3 02^3 



7/3 pa 
a 3i/ 



□iD 2 n 3 
2 



-T' 



2^3 



^L 3 VaVpR^V^vRfR, 



+5^5; [-^ - ^V 3 - -TVs] V^f vXaVoV^; 

+a total derivative + 0[^], .F' = (n x - U 2 - \3 3 )F, 



(6.31) 



-.F -1 



15 [8 \n 2 Di DiC^ 

2 



-R1-R2-R3 



+ 



□ 3 1 D 3 



2 D 2 2 Di Dj D 2 2DiD s 



pM pa p/3 
- ft la- n -2/3- n '3/i 



1 

+1 



'-/□, Do 

t{— + — 



n 2 

u 3 



a 3 , °i 



Vn x n 2 □ 1 n 2 >' 1 3 ^ n 2 n 2 / l2 ~ 3 v □! Dx 



□3 , ° 2 



R\ l ' R2uvR?j 
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°2°3 



Ri f3 V a R 2 V/3-R3 



+ -F 



□l°2 



+ 
+ 



•Flu 



Ri^V^R^ VvRzap 



□ -1 



□2 n 3 DaDg 



F + F|^ 2 --- 



R^ u V a R 2 piN Rtv 



i ( -F 
2 ( -.F 



□l°2 
1 



FL 



I ~ 1 % 

_ 7T| I V7 V7 _ E>M^V7 V7 D / 3 

□ 2 D 3 l2 ^ 3 

J I — — J 



□1^3- 



□ x n 3 



+a total derivative + 0[-R 4 



(6.32) 



where 



= F'(n 2 ,n 1 ,n 3 ), etc. 



It is now seen that, up to total derivatives and terms 0[i? 4 ], ( |6.27| ) is an equivalent form of 
( |6.28| ) corresponding to 



1 1 



F = r = - 

2D 3 2 



1 1 - Or 



-F. 



Thus, assuming integration over the space-time which will make irrelevant total deriva- 
tives, we conclude that, at third order in the curvature, of the two generally different identi- 
ties for nonlocal invariants, existing in four dimensions, only one is independent: eq. ( |6.28 ). 
This equation is brought to its final form by putting 



•F(Di, n 2 , n 3 ) = --□in 2 F(Di, n 2 , n 3 ) 

o 

where F(di, CI2, n 3 ) is a new arbitrary function, and taking into account the symmetries 
of the tensor structures entering ( |6.32| ). The result is the following constraint between the 
basis invariants listed in the table ( 5.17|) - (|5.20|) : 



J dxg 1 ' 2 tr F*™(n u n 2 , n 3 ){ - -^(n, 2 + u 2 + □ 3 2 )KiK 2 K 3 (9) 
-^(□i 2 + n 2 2 + n 3 2 - 2n 1 n 2 - 2n 2 n 3 - 2n 1 n 3 )3? 1 3fJ 2 3fJ 3 (l0) 
--□ 3 (Di + D 2 - □ 3 )3?i3? 2 3? 3 (ll) + i(3Di + U 2 + □ 3 )M 2 sft 3 (22) 
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-^□3^1^2^3(23) - in A^ 3 (24) - i(D 2 + D 3 - □ 1 )» 1 3^» 3 (25) 

+ -sft 1 sft 2 3?3(27) + M 2 9f? 3 (28)} + 0[K 4 ] =0, 2cj = 4 (6.33) 

where ^^(Di, D 2 , n 3 ) is a completely symmetric but otherwise arbitrary function. This 
constraint, valid in four dimensions, reduces the basis of nonlocal gravitational invariants 
by one structure. With its aid one can exclude everywhere either the structure 9 or 10 
or the completely symmetric (in the labels 1,2,3) part of anyone of the remaining purely 
gravitational structures except 9?i9? 2 9? 3 (29). The latter structure which is the only one 
containing six derivatives is absent from the constraint (|6.33|) and is, therefore, inexcludable. 



This can be explained by the fact that its local version is the only independent contraction 
of three Weyl tensors: eq. fl6.20| ) (cf. eq. (|2.2|) ). 

At least apparently, eqs. (|6.27 ) and ( |6.28| ) are not the most general nonlocal identities 



that can be written down by antisymmetrizing five indices. More generally, one can apply 
this procedure to three tensors with arbitrary indices and arbitrary number of uncontracted 
derivatives. Therefore, to make sure that there are no more constraints between the basis 
invariants, an independent check is needed. Since, at third order in the curvature, the 
maximum number of derivatives that do not contract in the box operators is six, we begin 
this check with nonlocal structures having three Ricci tensors and six derivatives. There 
exist only two such, and, according to the discussion of Sect. IV (eq. (|4.4j )), only one of them 
is independent: 

iV a Vf3Rj 5 V^V 5 R^V^ u Rf = M 2 K 3 (29), (6.34) 
lV a V p Rf VyV^VsV^ = -&i3fc 2 gfc 3 (29) + (•••) (6.35) 

where the ellipses (...) stand for total derivatives and terms with derivatives contracting in 
the box operators. Eq. ( |6.35| ) is obtained by three integrations by parts applied to V a , V M 
and V<j. Since not more than one index of each Ricci tensor and not more than one derivative 
acting on each Ricci tensor may participate in the antisymmetrization (otherwise the result 
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will be either trivial or 0[i? 4 ]), there are only two possible 5 - antisymmetrizations of fl6.34|) : 

In each of these cases, upon calculation, the terms ( |6.34| ) and (|6.35| ) appear in a sum with 
equal coefficients and, therefore, cancel. This proves that the structure with six derivatives 
remains unconstrained. Among the invariants with three Ricci tensors and four deriva- 
tives, only two are independent: the basis structures 27 and 28, and only the latter admits 
nontrivial 5-antisymmetrizations. There is, moreover, only one such: 

Upon calculation and multiplication by an arbitrary form factor, the latter identity gives 
precisely the constraint ( |6.33| ). The invariants with the commutator curvature and four 
derivatives are all reducible except the structure 3?i3?2^3(38) (see Sect.V) which only admits 
the nontrivial 5-antisymmetrization of five indices, but one can apply to this structure 
the same argumentation as in the case of 9fti 3^2^3(29) above, which proves that it also 
remains unconstrained. Finally, invariants with two derivatives do not admit a nontrivial 
5-antisymmetrization since, for that, one needs at least ten indices: five uncontracted to be 
involved in the antisymmetrization, and five more to make a complete contraction. 

Thus, in four dimensions, there is only one constraint between the basis structures, and 
the dimension of the basis of nonlocal cubic invariants which is generally 38 and in the case 
of the gravitational invariants 10 becomes respectively 37 and 9. 

The nonlocal identity obtained above has a direct relation to the Gauss-Bonnet identity 
in four dimensions. Indeed, by calculating the square of the Riemann tensor with the aid of 
eq. ( |2.2j ), one finds for arbitrary dimension 2uo : 



Jdxg 1 / 2 (r^R*™ - IR^BT + R 2 ) = Jdxg 1 ' 2 



2U 2 U 



-R1R2R3 



3 



2 — \ R^ ~Ro rRq ,, + (2 — \r^ v Ro mjR^ 

vn 2 n 3 uj la 213 Sfl v a 1 c^nu/ 1 M 



2' 



+ ( - 2-^— - 3-^— )Rf VaRzVpRs + 4-^— V^rV.i^i^ 

U 1 U 3 U2U3/ u l u 2 
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L 3u 



+4—?—R^V„RfV u R 3a 3 + 4(2— l —)Rt u V a R 2 BnV p R% 

-4^^V Q V /3J RrV M V, J Rf i? 3 - 8^^V MJ Rf V,^ A V Q V^r] + 0[B*]. (6.36) 
In agreement with the result of Ref. O, a contribution of second order in the curvature 



is absent from this expression for any space-time dimension. The third-order contribution 
( |6.361) does not generally vanish but vanishes in four dimensions because it coincides with 
the left-hand side of the identity ( |6.33|) if in the latter one puts 

1 



^(□i,D a ,n 3 ) =-8(trl)- 1 



Comparison of eq.( |6.36| ) and (|6.32|) gives 

J dxg 1 ' 2 (R at3 , s R a/315 ~ m^RT + R'' 



= J dxg 1 / 2 ( - 10^-) R 1[a ^ s R 2 ^s at3 R^ ] + 0[R 4 ]. (6.37) 

This relation valid for any number of space-time dimensions elucidates the mechanism by 
which the Gauss-Bonnet identity arises in four dimensions^. 
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